Abstract -Lateral torsional buckling is one of the main failure modes in which the beam experiences non-uniform twisting and buckling about its weak axis. This study intends to describe lateral-torsional buckling behavior of European wide flange I-section beams. An analytical model based on Ritz method is established for doubly-symmeric I section by considering load position. A compact closed form equation which can be used for calculation critical elastic lateral-torsional buckling load of Europen wide flange I-section (HEA, HEB, HEM profiles) is developed using analytical solutions and dimensionless buckling parameters. The effects of slenderness and loading positions on lateral-torsional buckling behavior of beams with wide flange are investigated. The present solutions are validated with 1D finite element solutions in which beams are modeled with their exact geometries. Good agreement between the analytical and numerical solutions is demonstrated. It is concluded that the lateral-torsional buckling load of European HEA, HEB and HEM beams can be determined by presented method and can be safely used in design procedures.
Introduction
Lateral-torsional buckling (LTB) is one of the main failure modes controlling the strength of thin-walled structural members. Beams are mostly loaded in the plane of the weak axis so that bending occurs about their strong axis for economical use of structural material. Beams bending about its strong axis may buckle out of the plane by deflecting laterally and twisting as the values of the applied loads reach a limiting state. At this limiting state, the compression flange of the member becomes unstable and bends laterally while the remainder of the cross section, which is stable, tends to restrain the lateral flexure of the compression flange. The net effect is that the whole section rotates and moves laterally. The limit state of the applied loads on the structural members is called as the critical elastic LTB load. LTB failure occurs suddenly in slender thin-walled elements with a much greater in-plane bending stiffness than their lateral bending or torsional stiffnesses. LTB should be considered in design of slender beams, beam-columns and cantilevers with insufficient lateral bracing due to it may occur long before the bending stress at the extreme fiber of the section reaches to yield point. The cross section of the member, the unbraced length of the member, the support conditions, the type of loads acting on the member, the vertical positions of the applied loads with respect to shear center are effective on LTB behavior of beams and cantilevers.
The general concept of LTB and the solution of governing differential equation obtained for critical LTB load of beams subjected to uniform bending have been well presented in many textbooks [1] - [3] . LTB behavior are also studied using numerical approaches such as finite integral [4] , [5] , finite differences [6] - [10] , finite elements [11] - [18] and finite strips methods [19] - [22] in case of different boundary conditions and load types where moment gradient is not constant because of the fact that analytical solutions are either too complex or involve infinite series. Energy method is based on the equality between the additional strain energy stored during LTB and the additional work done by the applied forces. The LTB load is calculated by substituting an approximate buckled shape which satisfies the kinematic boundary conditions and corresponds to real mode shape into the energy equation. Kinematic boundary conditions are related to geometrical constraints preventing one or more deflections or rotations at the support of the structural members [1] . Extensive studies are carried out in order to describe LTB behavior of thin-walled members using energy method. Aydin et al. [23] presented a compact closed-form equation to calculate LTB loads of simply supported beams with monosymmetric I-section. Mohri et al. [24] recomputed 3-factor formula, which is commonly used for calculation of elastic LTB loads of beams, and proposed some improvements. Ozbasaran et al. [25] developed an alternative design procedure for cantilever I-section and introduced a parametric formula based on energy method to calculate LTB load. The proposed design procedure was compared with code specifications and FEA. Kim et al. [26] studied LTB of castellated beams. The bracing stiffness requirements of monosymmetric I-beams with discrete torsional braces under pure bending condition was investigated Mohammadi et al. [27] . Non-linear stability model for LTB of beam-column elements with monosymmetric I-section including pre-buckling deflections are established by Mohri et al. [28] . Magnucka-Blandzi [29] investigated beam-columns with I-section subjected to a uniformly distributed transverse load, small axial force and two different moments located at its both ends. Stiffness reduction method for the flexural-torsional buckling assessment of steel beam-columns subjected to major axis bending and axial compression was examined by Kucukler et al. [30] . The flexural-torsional buckling of functionally graded open-section beams with various type of material were investigated by Nguyen et al. [31] . Chan [32] established a kinematic model based on energy method for tapered beam-columns. Yang and Yau [33] studied finite element model for beams that takes into consideration the effect of non-uniform torsion and geometric nonlinearity. Yuan et al. [34] developed an analytical model to determine LTB behavior of steel web tapered tee-section cantileves. Analytical solutions are validated with finite element analysis using Ansys sofware. Good agreement between analytical and numerical solutions is demonstrated. It is concluded that effect of web tapering on elastic LTB load of Tee-section cantilever depends on the flange witdth of the beam. A general variational model based on Ritz method including prebuckling deflection was introduced in order to analyze the LTB of monosymmetric and doubly symmetric tapered beams and cantilevers [35] - [38] . Benyamina et al. [39] introduced an analytical formula to assess LTB behavior of doubly symmetric web tapered I beams in function of the classical stiffness terms, the load height level and the tapering parameter.
In this study, LTB behavior of European wide flange I-section beams (HEA, HEB, HEM profiles) are investigated. A simplified closed-form equation which can be used for calculation of the elastic LTB loads of beams with wide flange are developed using Ritz method, dimensionless slenderness and load case parameter. Load case parameter are calculated for six load cases by considering three load positions which are top flange, shear center and bottom flange. Analytical solutions are validated with 1D finite element simulations. Beams are modeled with their exact geometries using LTBeamN software. Analytical solutions are in good accordance with numerical solutions. It is found out that the lateraltorsional buckling loads of European HEA, HEB and HEM beams can be determined by proposed technique.
Analytical Method
The LTB of beam consists of two stages. First, beam bends about its major axis, and then it buckles by bending laterally and twisting as the magnitude of the loads acting on the beam reaches to a critical level. Fig. 1 shows the LTB of beam with doubly-symmetric I-section subjected to concentrated force that acts transversely at midspan. In Fig. 1 (a) , L is the beam length. a-a section of the beam is drawn in Fig. 1 (b) . S and C show the shear center and the center of gravity of the section, respectively. u is the lateral displacement of the shear center, v is vertical displacement of ICSENM 138-3 the shear center and φ is torsional rotation. The strain energy stored in the beam due to lateral bending, warping and torsion can be calculated using the following formula [1]:
Where E is young modulus, G is shear modulus, Iy is the moment of inertia about the weak axis, Cw is the warping constant and J is the torsional constant.
The work done by the external transverse forces is as [1] :
Where Mx is the bending moment about strong axis. The second and third terms in Eq. (2) are work done by concentrated (P) and uniformly distributed loads (q) which are acting outside of the shear center, respectively. Those works results from changing of the distance between the application points of the loads and the shear center as crosssection rotates. Hp and Hq are the vertical distance of the acting point of the concentrated and uniformly distributed loads measured from the shear center, respectively. ɸp is torsional rotation at a point in which the concentrated load is applied. In Eq. (2), Hp and Hq are positive for loads that act in below the shear center. Assume that when LTB occurs, the lateral displacement of beam defined at the shear center and the angle of rotation of the cross-section can be described as follows :
Where A and B are the associated displacement amplitudes. Note that the dispalcement functions assumed in Eqs. 
In Eq. (5), Z1 and Z2 are integral parameters depending on moment gradient about strong axis along the beam length. In this study Z1 and Z2 are calculated for six load cases depicted in Fig 2. Rcr is the critical load which can be expressed by Eq. (6) depending on the load type acting on the beam.
Where Pcr, qcr and Mcr are critical concentrated load, uniformly distributed load and moment, respectively. It is noted that the critical buckling load type varies according to considered loading case. For load case 3 in Fig. 2 , the critical LTB load is in terms of qcr which implies that the critical values of uniformly distributed load and concentrated load are qcr and When buckling occurs, the total energy function reaches to a stationary condition, which requires
Substituting Eq. (5) into Eq. (7) yields : 
Eq. (8) and Eq. (9) are standard eigen-value equations. The critical load can be calculated by considering the determinant of the coefficients matrix is equal to zero. Finally, LTB load of beam can be determined using following equation:
Eq. (10) can be also expressed as following compact form using dimensionless load case parameter KLC and considering G=0,385E for steel materials [40] .
ICSENM 138-5
KLC is a dimensionless coefficient, called as load case parameter, which depends on applied load type, the position of load respect to shear center and section properties. KLC of a beam which section properties are known can be obtained by using Eq. (10) and Eq. (11) for considered load case and load position. In this study, KLC parameters are calculated with respect to Sr, which is a dimesionless slenderness ratio given in Eq. (12), for six load cases shown in Fig. 2 by considering three different loading position that are top flange, shear center and bottom flange loading.
Sr-KLC curves are presented in Fig. (3) for European wide flange sections. However, KLC can be calculated more accurately by using Eq. (13). 
In Eq. (13), a, b, m and n are curve fitting constants. The values of the curve fitting constants can be obtained from Table 2 for considered load type and load positions in the limits Sr≤10 or Sr>10.
ICSENM 138-6 At the end of the analytical study, it is concluded that the critical elastic LTB load of European wide flange beams can be determined in three steps. To perform this, first Sr is calculated from section properties of the beam. Then, KLC can be found for considered loading case and loading position by Eq. (13) . Finaly, the critical buckling load can be calculated by substituting KLC into Eq. (11).
Numerical Analysis
Effects of slenderness and load position on LTB behavior of HEA, HEB and HEM beams are studied in numerical study. Analytical solutions are compared to 1D finite element analysis where beams are modeled with their exact ICSENM 138-7 geometries using LTBeamN software. LTBeamN is capable of computing the elastic out-of-plane instability of both doubly-symmetric and mono-symmetric I-section beams by using an eigenvalue analysis. LTBeamN also can be used for tapered beams. Buckled shape of 1D beam model are depicted in Fig. (4) . For six different load cases, six sections with different slendernesses were selected to compare the results. HEA100, HEB200, HEA300, HEB320, HEM360 and HEM240 sections were used for comparison of P, q, q+0.5qL, q+qL, P+P and M cases, respectively. Beams were loaded on their top flange, shear center and bottom flange to compare load position effect. The elastic LTB loads are calculated using Eq. (13) and LTBeamN 1D finite element model. Results are shown in Table ( 3) - (8) for load type 1-6, respectively. In Table ( 3) - (8), PE and LT are buckling loads obtained presented equation and LTBeamN software, respectively. The maximum difference between analytical solutions and 1D finite element solutions in which beams are modeled with their exact geometries becomes 10%. At the end of study, it can be concluded that proposed techniques can be safely used to evaluate the elastic critical LTB loads of European HEA, HEB and HEM beams.
Conclusion
In this study, an analytical model is introduced to determine the elastic critical lateral-torsional buckling load of doubly-symmetric I-section beams. The analytical model includes effects of first-order moment gradient and load position. A closed-form equation is developed using analytical solutions and buckling parameters. Load case parameter of presented equation is calculated for six different load cases by considering three loading positions those are top flange, shear center and bottom flange and expressed as a function of a dimensionless slenderness. After slenderness of wide flange I-section beam is determined from section properties of the beam, load case parameter can be obtained for considered loading case and load position. Finally, LTB load can be calculated by substituting load case parameter into presented equation. Analytical solutions are validated with finite element analysis. It is found out that analytical solutions are in good agreement with finite element solutions. Consequently, it is concluded that presented equation can be used for calculation of the elastic critical LTB loads of HEA, HEB and HEM beams.
